In specific open domains of Euclidean space, a correspondence is established between a monogenic function and a sequence of harmonic potential fields, leading to the construction of a unique vector-valued conjugate harmonic homogeneous polynomial to a given real-valued solid harmonic.
Introduction
Consider a holomorphic function F (z) = u(x, y) + iv (x, y) in an open region Ω of the complex plane. As is well known, its real and imaginary parts are real-valued harmonic functions in Ω, satisfying the so-called Cauchy-Riemann system If Ω is simply connected, then this vector field F * can be realized as the gradient of a real-valued harmonic potential h(x, y) in Ω: is said to be a system of conjugate harmonic functions in Ω (see [8] ) and system (1.3) is called the Riesz system, after M. Riesz who obtained it in the following way (see [7] ).
The (m + 1)-dimensional real quadratic vector space R
0,m+1
of signature (0, m + 1) with orthonormal basis (e 0 , e 1 , . . . , e m ) generates the universal Clifford algebra R 0,m+1 which contains the scalars R and the vectors R 0,m+1 (see, e.g., [4] ). Multiplication is non-commutative and governed by the rules 
= grad H.
In this paper we generalize the above results in the framework of Clifford analysis. Clifford analysis offers a function theory which is a higher dimensional analogue of the theory of holomorphic functions of one complex variable (see, e.g., [2, 4] ). Central notion is that of a monogenic function, i.e. a null solution of the above mentioned Dirac operator. Our main result (Theorem 3.1) states that if the open region Ω ⊂ R m+1 satisfies a specific geometric condition, and the function F , taking values in the Clifford algebra R 0,m+1 , is monogenic in Ω, then there exists a harmonic potential H in Ω such that F = D x H, D x being the conjugate of the Cauchy-Riemann operator D x . In the particular case where H is real-valued, the function F turns out to be of form (1.4), thus reobtaining the notion of a system of conjugate harmonic functions in the sense of Stein-Weiß. This structure theorem is moreover applied to the so-called spherical monogenics, i.e. homogeneous monogenic polynomials which offer a refinement of the notion of solid spherical harmonics. 
Furthermore, let R 0,m+1 be the universal real Clifford algebra constructed over R 0,m+1 . The multiplication in R 0,m+1 is governed by the rules
A basis for the Clifford algebra R 
The space of real numbers is identified with the subspace Re φ = R1 of R 0,m+1 , while the space of vectors R m+1 is identified with the subspace R 0,m+1
by the correspondence
Note that in R 0,m+1
. We consider functions F defined in Ω and taking values in R 0,m+1 :
A central notion in so-called Clifford analysis (see, e.g., [2, 4] ) is that of monogenicity, which is introduced by means of the Dirac operator
As the Dirac operator splits the Laplace operator in R 
Naturally we still have
We will also use the Dirac operator
the surjectivity of the Dirac operator
We already studied (see [3] ) conjugate harmonic functions in R 
Clearly, system (2.1) generalizes the Cauchy-Riemann system for holomorphic functions in the complex plane. This leads to the following
Notice the special case where the monogenic function F in Ω is either R 0,m -valued or e 0 R 0,m -valued. In fact, such a function F reduces to either U or to e 0 V respectively, where then U and V are R 0,m -valued, are independent of x 0 and monogenic in Ω, Ω denoting the projection of Ω on R m along the e 0 -direction. Given an R 0,m -valued harmonic function U in Ω, the construction of a conjugate harmonic to U in Ω was carried out in [3] for open regions Ω of a specific geometric shape.
is called normal with respect to the e 0 -direction if there exists an x * 0 ∈ R such that for all x ∈ Ω, Ω ∩ {te 0 + x : t ∈ R} is non-empty, connected and contains the point x * 0 e 0 + x. From now on we always assume Ω to be normal with respect to the e 0 -direction. The following theorem was proved in [3] . 
Now we make the following observation. Any conjugate harmonic V to U in Ω is of the form V (x 0 , x) = V (x 0 , x) + W (x) where W (x) is R 0,m -valued and monogenic in Ω, i.e. ∂ x W (x) = 0. By Lemma 1.1 there exists a harmonic function h in Ω such that
be open and normal with respect to the e 0 -direction, let
, and let h be an R 0,m -valued harmonic 
where the R 0,m -valued harmonic function H in Ω is given by
Remark 2.1. Given the R 0,m -valued harmonic function U in Ω, let V be its conjugate harmonic in Ω as defined in the above Theorem 2.3. Then the pair (U, V ) of conjugate harmonics in Ω takes the form (U, V ) = (∂ x 0 H, −∂ x H) and the associated monogenic function F in Ω reads
Remark 2.2. The notion of a conjugate harmonic pair (U, V ) of R 0,m -valued functions was first introduced by Xu in [9] . Theorem 2.3 extends and completes the results in [10, 11] on the general form of a conjugate harmonic V to U . In [10, 11] conjugate harmonics to the Poisson kernel in the open unit ball and the upper half space respectively were explicitly constructed in this setting. , which is normal with respect to the e 0 -direction, there exists a conjugate harmonic v(x 0 , x 1 ) to u in Ω of the form v(x 0 , x 1 ) = e 1 v 1 (x 0 , x 1 ), the function v 1 being real-valued. This conjugate harmonic is determined up to a function of the form e 1 w 1 (x 1 ), the function w 1 being a real-valued null solution to the operator e 1 ∂ x 1 , in other words a real constant. This is nothing else but the classical pair of conjugate harmonic functions in the plane, yielding the holomorphic function
where ε 1 = e 0 e 1 satisfies ε 2 1 = −1, the Cauchy-Riemann operator being identified with
The ordered pair F * 
with now the conjugate Cauchy-Riemann operator appearing.
A structure theorem for monogenic functions
Let Ω ⊂ R m+1 be open and normal with respect to the e 0 -direction, let F be monogenic in Ω, and consider its decomposition F = U + e 0 V , where U and V are R 0,m -valued. Then U and V are harmonic in Ω. For the harmonic function U in Ω, construct the R 0,m -valued harmonic function H in Ω as in Theorem 2.2, and put V = −∂ x H in Ω. Then we know that F = U + e 0 V is monogenic in Ω, whence be open and normal with respect to the e 0 -direction and let F ∈ C 1 (Ω; R 0,m+1 ). Then the following assertions are equivalent :
be open and normal with respect to the e 0 -direction and let F = U + e 0 V be monogenic in Ω. Recall the construction made at the beginning of this section to end up with F = U + e 0 V + e 0 (V − V ) or
where W = V − V is an R 0,m -valued function, independent of x 0 , which is monogenic in Ω.
If Ω satisfies some supplementary geometric conditions, expression (3.1) leads to a further decomposition of the monogenic function F .
For each j ∈ {1, . . . , m} fixed, consider the real quadratic space R we introduce the corresponding Dirac operator
Successive application of (3.1) then yields a sequence H such that
). 
is found, which can be decomposed in terms of a classical pair of conjugate harmonic functions in the plane (see also Remark 2.4). Decomposition (3.2) is valid, at least locally, for any monogenic function.
Homogeneous harmonic polynomials
The results on conjugate harmonics and on the structure of monogenic functions, as established in the previous sections, is now applied to the special case of homogeneous harmonic polynomials in R
m+1
. As R m+1 is trivially normal with respect to each e jdirection (j = 0, 1, . . . , m) , no supplementary geometric conditions are necessary. In the sequel 2 ≤ k ∈ N will be fixed. 
where
. According to the Fisher decomposition of homogeneous polynomials (see, e.g., [1] ), the function
is the unique R 0,m -valued homogeneous polynomial of degree (k + 1) of this particular form, which satisfies equation (4.1). It follows that the function
is the unique R 0,m -valued homogeneous harmonic polynomial of degree k of this particular form which is conjugate harmonic to
Obviously, any R 0,m -valued homogeneous conjugate harmonic of degree k to U k is given by
where (see [4] ), in view of Theorem 3.1 the following structure theorem is obtained.
The corresponding homogeneous monogenic polynomial in R 2 takes the form
which is nothing else but a homogeneous holomorphic polynomial in the plane, where, as already mentioned in Remark 2.4, ε 1 = e 0 e 1 takes over the role of the imaginary unit i in C. .
